Paired bondage in trees  by Raczek, Joanna
Discrete Mathematics 308 (2008) 5570–5575
www.elsevier.com/locate/disc
Paired bondage in trees
Joanna Raczek
Department of Applied Physics and Mathematics, Gdan´sk University of Technology, Narutowicza 11/12, 80-952 Gdan´sk, Poland
Received 15 April 2005; received in revised form 9 October 2007; accepted 17 October 2007
Abstract
Let G = (V, E) be a graph with δ(G) ≥ 1. A set D ⊆ V is a paired dominating set if D is dominating, and the induced
subgraph 〈D〉 contains a perfect matching. The paired domination number of G, denoted by γp(G), is the minimum cardinality of
a paired dominating set of G. The paired bondage number, denoted by bp(G), is the minimum cardinality among all sets of edges
E ′ ⊆ E such that δ(G − E ′) ≥ 1 and γp(G − E ′) > γp(G). We say that G is a γp-strongly stable graph if, for all E ′ ⊆ E , either
γp(G−E ′) = γp(G) or δ(G−E ′) = 0. We discuss the basic properties of paired bondage and give a constructive characterization
of γp-strongly stable trees.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
In this paper, we follow the notations of [3,4]. Specifically, let G = (V, E) be a graph with vertex set V and edge
set E . A set D ⊆ V is a dominating set of G if every vertex in V − D is adjacent to a vertex in D. We denote by 〈D〉
the subgraph induced by D. A set D ⊆ V is a paired dominating set of G if D is a dominating set, and 〈D〉 contains
a perfect matching. The paired domination number of G, denoted by γp(G), is the minimum cardinality of a paired
dominating set of G. Paired domination was introduced by Haynes and Slater [5,6], and further studied in [1,10–12].
The bondage number b(G) of a nonempty graph G is the minimum cardinality among all sets of edges E ′ ⊆ E
for which γ (G − E ′) > γ (G). Bondage in graphs was introduced by Fink et al. [2] and further studied for example
in [7–9,13].
We define the paired bondage number of G with δ(G) ≥ 1, denoted by bp(G), as the minimum cardinality among
all sets of edges E ′ ⊆ E such that δ(G − E ′) ≥ 1 and γp(G − E ′) > γp(G). We say that G is a γp-strongly stable
graph if, for all E ′ ⊆ E , either γp(G − E ′) = γp(G) or δ(G − E ′) = 0, and write bp(G) = 0.
The notation S(p, r) will denote the double star graph obtained by placing an edge between the central vertices of
K1,p and K1,r .
In this paper, we discuss the basic properties of paired bondage and give a constructive characterization of γp-
strongly stable trees.
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2. Preliminary results
Let G be a graph with δ(G) ≥ 1. The observations below follow immediately from the definition of paired
bondage.
• If H is a subgraph of G such that δ(H) ≥ 1, then bp(H) ≤ bp(G).
• If H is a subgraph of G such that bp(H) = 1 and k is the number of edges removed to form H , then
1 ≤ bp(G) ≤ k + 1.
• If uv ∈ E(G) such that dG(u), dG(v) > 1, and uv belongs to each perfect matching of each minimum paired
dominating set of G, then bp(G) = 1.
Based on these observations, bp(Pn) ≤ 2. This fact is useful in proving the following proposition.
Proposition 1. Let Pn be a path on n ≥ 2 vertices, and let k be a positive integer. Then
bp(Pn) =
0 if n = 2, 3 or 5,1 if n = 4k, 4k + 3 or 4k + 6,2 otherwise.
Proof. It is easy to verify that bp(Pn) = 0 for n = 2, 3, 5 and that bp(P6) = 2. We use the fact observed in [5] that
γp(Pn) = 2d n4 e. We assume that Pn = (x1, x2, . . . , xn) and ei = xi xi+1 for i = 1, 2, . . . , n − 1.
Assume that n = 4k. Then γp(P4k) = 2k and γp(P4k − e2) = γp(P2) + γp(P4k−2) = 2 + 2k. Consequently,
bp(P4k) = 1. Similarly, if n = 4k + 3, then γp(P4k+3) = 2k + 2, γp(P4k+3 − e2) = γp(P2) + γp(P4k+1) =
2 + 2(k + 1) = 2k + 4, and therefore bp(P4k+3) = 1. Now, if n = 4k + 6, then γp(P4k+6) = 2k + 4,
γp(P4k+6 − e5) = γp(P5)+ γp(P4k+1) = 4+ 2(k + 1) = 2k + 6 and again bp(P4k+6) = 1.
Finally, assume that n = 4k + 5. Then γp(P4k+5) = 2k + 4. We show that γp(P4k+5) = γp(P4k+5 − e) for any
edge e ∈ E(P4k+5) which is not incident with a leaf. We distinguish four cases depending on e, where e 6= e1 and
e 6= e4k+4.
Case 1. e ∈ {e2, e6, e10, . . . , e4k+2}. Then e = e4t+2 for some t ∈ {0, 1, . . . , k} and γp(P4k+5 − e) = γp(P4t+2) +
γp(P4(k−t)+3) = 2(t + 1)+ 2(k − t + 1) = 2k + 4 = γp(P4k+5).
Case 2. e ∈ {e3, e7, e11, . . . , e4k+3}. Then e = e4t+3 for some t ∈ {0, 1, . . . , k} and γp(P4k+5 − e) = γp(P4t+3) +
γp(P4(k−t)+2) = 2(t + 1)+ 2(k − t + 1) = 2k + 4 = γp(P4k+5).
Case 3. e ∈ {e4, e8, e12, . . . , e4k}. Then e = e4t for some t ∈ {1, 2, . . . , k} and γp(P4k+5 − e) = γp(P4t ) +
γp(P4(k−t)+5) = 2t + 2(k − t + 2) = 2k + 4 = γp(P4k+5).
Case 4. e ∈ {e5, e9, e13, . . . , e4k+1}. Then e = e4t+1 for some t ∈ {1, 2, . . . , k} and γp(P4k+5 − e) = γp(P4t+1) +
γp(P4(k−t)+4) = 2(t + 1)+ 2(k − t + 1) = 2k + 4 = γp(P4k+5).
As γp(P4k+5) = γp(P4k+5 − e) for any edge e ∈ E(P4k+5)− {e1, e4k+4}, we conclude that bp(P4k+5) > 1. Thus
bp(P4k+5) = 2. 
Since γp(Cn) = γp(Pn) for n ≥ 3, from Proposition 1 we obtain the following result.
Corollary 2. Let Cn be a cycle on n ≥ 3 vertices, and let k be a positive integer. Then
bp(Cn) =
0 if n = 3 or 5,2 if n = 4k, 4k + 3 or 4k + 6,3 otherwise. 
Proposition 3. Let K p,q , where 1 < p ≤ q, be a complete bipartite graph. Then bp(K p,q) = p.
Proof. Of course γp(K p,q) = 2. Denote by A and B the partite sets of V (K p,q) such that |A| = p and |B| = q. Let
H be the graph obtained by removing p independent edges from K p,q . Then each vertex belonging to A is of degree
q − 1 and for this reason, γp(H) > 2. It follows that bp(K p,q) ≤ p.
On the other hand, if H is the graph obtained by removing any p − 1 edges from K p,q , then there exists a vertex
of degree q in A and there exists a vertex of degree p in B. Therefore, γp(H) = 2 and hence bp(K p,q) > p − 1. We
conclude that bp(K p,q) = p. 
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A wheel Wn , where n ≥ 4, is a graph with n vertices, formed by connecting a single vertex to all vertices of a cycle
Cn−1. Of course γp(Wn) = 2.
Proposition 4. If Wn is a wheel, n ≥ 4, then
bp(Wn) =
4 if n = 4,3 if n = 5,2 otherwise.
Proof. It is easy to verify that bp(W4) = 4 and bp(W5) = 3. Now, let n ≥ 6 and let x be the vertex of maximum degree
of Wn . Denote by v1 and v2 any adjacent vertices of degree 3. Let H be the graph obtained from Wn by removing
edges xv1 and xv2. Then no two adjacent vertices dominate H , so γp(H) > 2 and for this reason bp(Wn) ≥ 2.
Moreover, removing any edge from Wn does not increase its paired domination number, so bp(Wn) > 1. We conclude
that bp(Wn) = 2. 
Fink et al. [2] have proved that, if T is a non-trivial tree, then b(T ) ≤ 2. However, no similar result exists for paired
bondage.
Fig. 1. A tree T with bp(T ) = k.
Proposition 5. For any non-negative integer k, there exists a tree T with bp(T ) = k.
Proof. Let T be a tree obtained by subdividing all but one edge of the star K1,k+1 (as shown in Fig. 1). It is easy to
see that bp(T ) = k. 
Let T be the tree defined in the proof of Proposition 5 for k = 3. Then b(T ) ≤ 2 and bp(T ) = 3. On the other
hand, b(P4) = 2 and bp(P4) = 1. Thus, we have what follows.
Corollary 6. The bondage number and the paired bondage number are unrelated, even for trees.
3. Characterization of γ p-strongly stable trees
A constructive characterization of trees with b(T ) = 2 is given by Hartnell and Rall in [7]. We provide a
constructive characterization of trees with bp(T ) = 0.
Let T be a tree and let Ω(T ) be the set of leaves of T . A vertex v is called a support vertex if v is adjacent to a leaf.
An edge e is called a pendent edge if e is incident with a leaf. Denote by S(T ) the set of all support vertices of T . It
is known [5], that S(T ) ⊆ D, where D is any paired dominating set of T .
We now constructively characterize γp-strongly trees. In order to state the characterization, we define a labeling
and three simple operations on a tree T . Let y ∈ V (T ) and let l(y) be the label assigned to y.
• Operation T1. If l(y) = B, add a vertex x and the edge yx , and let l(x) = A.
• Operation T2. If l(y) = C , add a path (x1, x2) and the edge yx1, and let l(x1) = B, and l(x2) = A.
• Operation T3. If l(y) = B, add a path (x1, x2, x3) and the edge yx1, and let l(x1) = C , l(x2) = B and l(x3) = A.
Let P2 = (u, v) with l(u) = A and l(v) = B. Let T be the class of all trees obtained from the labeled P2 by a finite
sequence of Operations T1, T2, T3. We will show that T ∈ T if and only if bp(T ) = 0. A tree T in Fig. 2 belongs to
the family T .
Let T ∈ T . We denote by A(T ), B(T ) and C(T ) the sets of vertices of T labeled A, B and C , respectively. The
observations below follow immediately from the construction of a tree T .
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Observation 7. Let T ∈ T and let v ∈ V (T ).
(1) Ω(T ) = A(T ) if T 6= P2;
(2) S(T ) = B(T ) if T 6= P2;
(3) NT (v) ⊆ B(T ) if l(v) = A;
(4) NT (v) ⊆ A(T ) ∪ C(T ) if l(v) = B;
(5) NT (v) ⊆ B(T ) if l(v) = C.
Fig. 2. A tree T belonging to the family T .
Observation 8. If each edge of a tree T is pendent, then bp(T ) = 0 and there exists a labeling of T such that T
belongs to the family T .
Lemma 9. Let T ′ be a tree and let u ∈ S(T ′). If T is a tree obtained from T ′ by adding a vertex v and an edge vu,
then γp(T ) = γp(T ′) and bp(T ) = bp(T ′).
Proof. Recall that u is in every paired dominating set of T , and in every paired dominating set of T ′. Since vu is a
pendent edge, the result follows. 
Lemma 10. If T is in T , then γp(T ) = 2|B(T )|.
Proof. Let D be a minimum paired dominating set of T . Then B(T ) = S(T ) ⊆ D, and since no two support vertices
are adjacent in T , we have γp(T ) ≥ 2|B(T )|. By Observation 7, each vertex of T is either in B(T ) or adjacent to a
vertex in B(T ). Hence γp(T ) ≤ 2|B(T )|, and the result follows. 
Lemma 11. If a labeled tree T belongs to the family T and uv is a non-pendent edge of T , then both the components
of T − uv belong to the family T .
Proof. Let Tu and Tv be the two components of T − uv such that u ∈ V (Tu) and v ∈ V (Tv). To show that Tu, Tv ∈ T
we use induction on s(T ), the number of operations required to construct the tree T . If s(T ) = 1, then T ∈ {P3, P5}
and simple verification shows that the statement holds.
Now let T ∈ T be a tree with s(T ) = k, where k ≥ 2 is an integer, and assume that for each tree T ′ ∈ T with
s(T ′) < k the two components of T ′ − uv belong to T , where uv is any non-pendent edge of T ′. We consider three
possibilities.
Case 1. T is obtained from T ′ ∈ T by Operation T1. Let uv be a non-pendent edge of T . Then uv is also a non-pendent
edge of T ′. By induction, the two components of T ′ − uv, that is T ′u and T ′v , belong to T . Moreover, either Tu = T ′u
or Tv = T ′v . If Tu = T ′u , then Tv is obtained from T ′v by the operation T1. We conclude that both Tu and Tv belong to
T . The case when Tv = T ′v is similar.
Case 2. T is obtained from T ′ ∈ T by Operation T2, where y ∈ V (T ′) such that l(y) = C and (x1, x2) is the path
attached to y by the edge yx1. Let uv be a non-pendent edge of T . If uv = x1y, then P2 and T ′ are the two components
of T − uv and they belong to T . If uv 6= x1y, then uv is also a non-pendent edge of T ′ and the rest of the proof is
similar to that of Case 1.
Case 3. T is obtained from T ′ ∈ T by Operation T3, where y ∈ V (T ′) such that l(y) = B and (x1, x2, x3) is the path
attached to y by the edge yx1. Let uv be a non-pendent edge of T . If uv = x1y, then Tx1 = P3 and Ty = T ′ are the
components of T − uv and they belong to T (if we relabel l(x1) = A). If uv = x2x1, then Tx2 = P2 and Tx1 are
the components of T − uv and they belong to T (if we relabel l(x1) = A), as Tx1 is the tree obtained from T ′ using
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Operation T1. In both the cases, the two components of T − uv belong to T . Otherwise, if uv 6= x1y and uv 6= x2x1,
then uv is also a non-pendent edge of T ′ and the proof is similar to that of Case 1.
Hence, the result holds. 
Lemma 12. If T is in T , then bp(T ) = 0.
Proof. We proceed by induction on p(T ), the number of non-pendent edges of the tree T . If p(T ) = 0, then
bp(T ) = 0, by Observation 8.
Now, let T ∈ T be a tree with p(T ) = k, where k is a positive integer. Assume that bp(T ′) = 0 for each tree
T ′ ∈ T with p(T ′) < k. Let uv be a non-pendent edge of T and let Tu and Tv be defined as in the proof of the previous
lemma. It suffices to show that bp(Tu) = bp(Tv) = 0 and γp(Tu)+ γp(Tv) = γp(T ). It follows from Observation 7,
that one of the vertices u and v belongs to the set B(T ) and the other to C(T ), say u ∈ B(T ) and v ∈ C(T ). By
Lemma 11, Tu and Tv belong to T , so by the induction hypothesis, bp(Tu) = bp(Tv) = 0. Moreover, observe that
u ∈ B(Tu), v ∈ A(Tv)∪C(Tv) and B(Tu)∪ B(Tv) = B(T ). Hence, Lemma 10 implies that γp(Tu)+γp(Tv) = γp(T )
and therefore bp(T ) = 0. 
Lemma 13. If T is a tree such that bp(T ) = 0, then T is in T .
Proof. Let T be a tree with bp(T ) = 0 and let P = (s0, s1, . . . , sk) be a diametrical path in T . If k ∈ {1, 2}, then
T is a star and T belongs to T (for some labeling). Note that k 6= 3, as otherwise T is a double star and bp(T ) is a
positive integer. Thus assume that k ≥ 4 and the result is true for all trees T ′ with bp(T ′) = 0 and n(T ′) < n(T ). We
distinguish two cases depending on the degree of s1.
Case 1. dT (s1) > 2. Consider the tree T ′ = T − s0. By Lemma 9, bp(T ′) = 0, so by the induction hypothesis we
have T ′ ∈ T . As s1 is a support vertex in T ′, we conclude, that l(s1) = B. Hence T is obtained from T ′ by Operation
T1, and therefore T ∈ T .
Case 2. dT (s1) = 2. First, we claim that s2 is not a support vertex. To show this, suppose that v1, . . . , vi are leaves
adjacent to s2. Define E1 to be the set of non-pendent edges incident with s2 but not with s1. Then δ(T − E1) ≥ 1 and
the double star S(1, i) with central vertices s1 and s2 is a component of T − E1. Hence bp(T ) > 0, a contradiction.
Thus, s2 is not a support vertex. We now consider two subcases.
Subcase 2.1. dT (s2) > 2. We consider the tree T ′ = T−{s0, s1}. Since bp(T ) = 0, it follows that bp(T−s1s2) = 0,
and therefore bp(T ′) = 0. Hence, by the induction hypothesis, T ′ ∈ T . As s2 is neither a support vertex nor a leaf
in T ′, we have l(s2) = C . Hence, T can be obtained from T ′ by Operation T2 and T ∈ T .
Subcase 2.2. dT (s2) = 2. We claim that s3 is a support vertex. Suppose to the contrary that s3 is not a support
vertex. Let E2 be the set of non-pendent edges incident with s3, but not incident with s2. Then the double star
S(1, 1) with central vertices s1 and s2 is a component of T − E2. Hence bp(T ) > 0, a contradiction. Thus, s3
is a support vertex. Let T ′ = T − {s0, s1, s2}. Since bp(T ) = 0 it follows that bp(T − s2s3) = 0, and therefore
bp(T ′) = 0. By the induction hypothesis, T ′ ∈ T . As s3 is a support vertex in T ′, we have that l(s3) = B. Hence,
T can be obtained from T ′ using Operation T3, and T ∈ T .
This proves the statement. 
As an immediate consequence of Lemmas 12 and 13 we have the following characterization of all trees T with
bp(T ) = 0.
Theorem 14. Let T be a tree. Then bp(T ) = 0 if and only if T is in T .
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